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Abstract 
In the paper we study the existence of the so-called graph-approximations of upper semicontin- 
uous set-valued maps defined on noncompact domains. We prove, in particular, that an arbitrary 
neighborhood of the graph of a map whose values satisfy a certain UV-property contains the 
graph of a continuous single-valued map provided the domain is either a finite-dimensional metric 
space, a locally finite-dimensional polyhedron or an absolute neighborhood retract. 0 1998 Elsevier 
Science B.V. 
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1. Preliminaries 
In what follows a space is a paracompact (Hausdor#) topological space; a map is 
a continuous transformation of spaces. By a set-valued map ‘p of a space X into a 
space Y (denoted cp : X - Y) we understand an upper semicontinuous multivalued 
transformation with compact nonempty values (see [ 13,181 for more details on set-valued 
maps). 
If f : X -i Y (respectively cp: X --o Y) is a map (respectively set-valued map), 
then Gr(f) (respectively Gr(cp)) stands for the graph of f (respectively of cp), i.e., 
Gr(cp) = {(GY) E X x Y I y E P(Z)). 
The so-called graph-approximations of set-valued maps are the main object of our 
interest. Let ‘p: X - Y be a set-valued map from a space X into a space Y and let 
A c X. 
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Definition 1.1. Given a neighborhood U of the graph Gr(cp) in X x Y, 2 we say that 
a map f : A --f Y is a U-approximation of cp provided Gr(f) c U. We say that cp 
is approximable if, for each neighborhood U of Gr(cp), there exists a U-approximation 
f:X+Y ofcp. 
In case of metrizable spaces X and Y one may use epsilons instead of neighborhoods 
in Definition 1.1. Given a continuous function E : X --f (0, +co) we say that a map 
f : A + Y is an e-approximation of 40 if 
V’J: E A f’(x) E B(~~(B(J:,E(~))),&(z)).~ (1) 
If A is compact, then one may replace &-functions by positive constants and thus arrive 
the traditional notion of a graph-approximation. 
Proposition 1.2. Let X, Y be metric spaces. 
(i) For each neighborhood U of Gr(cp) there is a continuous function E :X -+ 
(0, +co) such that any E-approximation f : A -+ Y of ‘p is a U-approximation 
of9 
(ii) Conversely, given a function E : X ---f (0, +oo), there is a neighborhood U of 
Gr(cp) such that any U-approximation f : A --f Y of cp is an &-approximation 
OfP. 
Proof. (i) The upper semicontinuity of ‘p implies that, for any II: E X, there exists a 
number ~(2) > 0 such that B(z, r(x)) x B((p(B(x, 27(z))), T(Z)) c U. 
Let (Xj}jE~ be a partition of unity inscribed into the cover {B(z, T(z))},~x. Hence, 
for each j E J, there is ~:j E X such that supp Xj c B(zj, ~(2~)). Let rj := r(zj) and 
define 
E(Z) = CX,(5)r7, 2 E x. 
jEJ 
If f : A + Y is an e-approximation of (p, then given IC E A, there is i E J such that 
Xi(x) > 0 (therefore IC E B(zi, ri)) and E(Z) 6 ri. Since 
f(x) E B(cp(B(z,&(Z))),~(2)), 
there is 2’ E B(z, E(Z)) and y’ E (~(5’) such that f(x) E B(y’, E(Z)). Therefore y’ E 
cp(B(zi, 2ri)) and f(x) E B(p(B(zi, 27-i)), ri), i.e., Gr(f) c U. 
(ii) Let 
U = u [e-’ (44/2, +4 n B(? 44/2)] x %A 4x)/2). 
(s>Y)Ewio) 
Clearly U is an open neighborhood of Gr(cp) and if f : A - Y is a U-approximation of 
cp, then we easily see that (1) is also satisfied. 0 
2 In the sequel, we always speak of open neighborhoods of Gr(cp) in X x Y. 
‘If (2, d) is a metric space, 6 7 0 and C c Z, then B(C, 6) := {z E Z ( inf,Ec d(.z, c) < 6). 
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Since the early paper of von Neumann [28], the existence of approximations proved 
to be a very useful tool in many applications involving set-valued maps: mathematical 
economics, game theory [6], differential equations and inclusions [5], control theory and 
others. Together with homological methods (see [18,23]), approximations play also an 
important role in the fixed point theory of set-valued maps [22]. 
There is a number of results concerning the approximability of set-valued maps; some 
of them overlap and were obtained independently by different authors. Let us here recall 
the theorem of Cellina [16] concerning the approximability of a convex-valued map 
from a space into a normed one; the result of [12] valid for starshaped and [27,3,4] for 
contractible-valued maps. In [ 191 it was shown that a map 9 : X x Y from a compact 
ANR X into a metric space Y with UV”-values is also approximable.4 Some of these 
results follow from older and more general ones (see, e.g., [I] and Theorem 1.4 below). 
However they were obtained independently, the starting point to these investigations was 
different and they were addressed to analysts rather. Some of them were generalized for 
maps being finite compositions of maps from above classes [20,24,15] and applied to 
construct the fixed point theory on compact ANRs [19,24] and arbitrary ones [lo]. 
It is clear that if no conditions are imposed on the values of a map p, then the problem 
of the existence of sufficiently close approximations has hardly an answer. 
In the present paper we shall deal with set-valued maps whose values satisfy some 
of the so-called UV-properties. For the convenience of the reader we recall after [7,26] 
these rather well-known concepts. Suppose that M is a compact subset of a space Y 
and n is a nonnegative integer. We say that the inclusion M q Y has UP-property 
if each open neighborhood U of M in Y contains a neighborhood V of M such that 
each singular k-sphere, 0 < k 6 n, in V is null-homotopic in Ii. The inclusion M ct Y 
has UP-property provided it has UP-property for each n 3 0. Finally M -+ Y has 
UV”-property if any neighborhood U of M in Y contains a neighborhood V of M 
such that V is contractible in U. 
Definition 1.3. Let 0 < n < cc or n = w. A set-valued map p: X -Z Y is a UP- 
valued map if, for each z E X, the inclusion y(z) ~1 Y has UP-property. 
Apart from the facts mentioned above the following results hold. 
Theorem 1.4 (Ancel [l]). Let cp : X 4 Y be a UV”-valued map from a metric space 
X to a space Y and let A be a closed subset of X. If 
(i) dim(X \ A) < m; or 
(ii) X is countable-dimensional, 
then ye is weakly relatively approximable over A, i.e., for every neighborhoodU ofGr(cp), 
there is a neighborhood V of Gr(cp) with the following property: if a V-approximation 
f :A + Y of cp extends to a map f’: N + Y where N is a neighborhood of A in X, 
then there is a U-approximation F : X + Y of cp such that FI A = f. 
4 The notion of UV-sets is described below. 
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Part (ii) is a direct consequence of Theorem 3.2 of [ 11, and a proof of part (i) may be 
extracted from the proof of Theorem 3.2 of [l]. 
Next we have the following generalization of the main result from [19]. 
Theorem 1.5 [9]. Let cp :X -I Y be UP-valued map from a compact ANR X to a 
metric space. Zf A is a neighborhood retract in X, then ‘p is relatively approximable over 
A, i.e., for any neighborhood I.4 of Gr(cp), there is a neighborhood V of Gr(cp) such that 
any V-approximation f : A -+ Y of cp extends to a U-approximation F : X -+ Y of cp. 
Remark 1.6. In the sequel we shall refer to the notions of weak relative approximability 
and relative approximability over A introduced in Theorems 1.4 and 1 S. Observe that in 
general, if cp is relatively approximable over A, then it is weakly relatively approximable 
over A. If Y is a neighborhood extensor with respect to the pair (X, A), then clearly the 
weak relative approximability of cp over A implies relative approximability. This holds, 
for instance, when A is a neighborhood retract in X. 
There is also a weaker notion (cf. [l, Proposition 2.21). 
Definition 1.7. Let ‘p : X --o Y be a set-valued map between spaces and let A, B be 
closed subsets of X such that A c int B. We say that cp is relatively approximable over 
(A, B) if, for every neighborhood U of Gr(cp), there is a neighborhood V of Gr(yl) 
with the following property: if f : B + Y is a V-approximation of cp, then there is a 
U-approximation F : X + Y of cp such that F [A = f IA. 
Obviously if ‘p is weakly relatively approximable over A, then it is relatively approx- 
imable over (A, B) for any closed neighborhood B of A. 
Question 1.8. Suppose that cp: X 4 Y is a set-valued map between spaces, and A, B 
are closed subsets of X such that A c int B. Under what conditions (on ‘p, X, Y and 
A, B) is cp approximable (respectively (weakly) relatively approximable over A or over 
(A, B))? In particular, what may be said with regard to this problem if cp is a UV”-valued 
map, 0 6 n 6 w, and 
(a) X \ A is finite-dimensional; 
(b) X \ A is countable-dimensional; 
(c) X is countable-dimensional; 
(d) X is an ANR? 
Moreover, under what conditions does relative approximability over (A, B) imply relative 
approximability over A? 
Regarding graph-approximations as tools for studying properties of set-valued maps 
(in particular, the existence of their fixed points via homotopy invariants such as, e.g., the 
fixed point index-cf. [22]), the following concept and problem seem to be of importance. 
Definition 1.9. Let cp : X -+ Y be a set-valued map between spaces. We say that ‘p is 
homotopy approximable if, for each neighborhood U of Gr(cp) (in X x Y), there is a 
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neighborhood V of Gr( ‘p) such that any V-approximations f, g : X + Y of cp are joined 
by a homotopy h : X x [0, 11 4 Y such that ht = h(., t) is a 2A-approximation of cp for 
everytE [&I]. 
For instance, Theorem 1.5 implies that if X is a compact ANR, then a UP’-valued 
map ‘p : X -3 Y is homotopy approximable (see Corollary 2.10 and its proof). 
Question 1.10. Under what conditions is a set-valued map cp homotopy approximable? 
In particular, what may be said with regard to this problem if cp is a UP-valued map, 
0 < n < ti, and 
(a) X \ A is finite-dimensional; 
(b) X \ A is countable-dimensional; 
(c) X is countable-dimensional: 
(d) X is an ANR? 
Of course, one may generalize the notion of homotopy approximability in the same 
way approximability was generalized. 
Notation. If A c X and U is a collection of sets in X, then 
st(A,rU) := u{U E U 1 U n A # 0) 
is the star of A with respect o ?l. Recall that if U is a relation in X x Y, i.e., l4 c X x Y, 
then U-’ := {(y,~) E Y x X ( (x, y) E U}; if V C Y x 2 is another relation, 
then V o U := {(z, 2) E X x 2 1 3y E Y (2, y) E U, (y, z) E V}; for A c X, 
U(A) := {y E Y 1 32 E A (x. y) E U}. A, denotes the diagonal of X x X, i.e., 
Ax := {(z, x) 1 II: E X}. 
Given a simplicial complex K, we write 0 + K to denote that o is a simplex in K; 
for 0 + K, 10 1 (respectively (c) > denotes the closed (respectively open) simplex in 1 KI 
spanned by 0 and 
We shall make use of the following versions of some Ancel’s results [l]. 
Lemma 1.11. Let cp : X --o Y be a set-valued map between spaces. 
(i) [l, Lemma A.81 Suppose that, for each :c E X, N, is a neighborhood of v(x) 
in Y and let (U,},,X be an open cover of X such that x E U, for all x E X. 
Then there are an open cover {Lz}zE~ of X and a neighborhood U of Gr(cp) 
such that L, c U, for all x E X and U(L,) c N,. 
(ii) [l, Lemma A.101 Given a proper map f : 2 -+ X and a neighborhood U of 
Gr(cp o f) in 2 x Y, there are neighborhoods W of Grip) and N ofGr(f) such 
that W o N c 24. In particular; {(z: y) E 2 x Y 1 (f(z). y) E W} C U. 
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2. Main results 
We shall discuss the following results giving partial positive answers to Questions 1.8 
and 1.10. Proofs of all theorems will be given in Section 3. 
Theorem 2.1. Let 0 6 n < co and let cp : X 4 Y be a UP-valued map from a metric 
space X to a locally n-connected metric space Y. Then, for every neighborhood IA of 
Gr(cp), there is a neighborhood V of Gr(cp) with the following property: if A is a closed 
subset of X such that dim(X \ A) < n + 1 and f : A + Y is a V-approximation of cp, 
then f extends to a U-approximation F: X + Y of cp. 
Theorem 2.2. Let cp : X --o Y be a UP’-valued map from a locally finite-dimensional 
polyhedron X (with the Whitehead topology) 5 to a space Y. Then, for any neighborhood 
U of Gr(cp), there is a neighborhood V of Gr(cp) with the following property: if A is a 
closed subpolyhedron of X and f : A -+ Y is a V-approximation of ‘p, then f extends 
to a U-approximation F : X 4 Y of cp. In particular cp is approximable. 
Theorem 2.1 also implies that ‘p is approximable. 
Corollary 2.3. A UP-valued map cp : X 4 Y, 0 < n < co, from a space X to a space 
Y is approximable provided dim X < n + 1. 
The close inspection of the proof of Theorem 2.1 shows that in the case A = 0 the 
assumptions that X, Y are metrizable and Y is locally n-connected are superfluous. 
It is clear that Theorems 2.1 and 2.2 imply that cp is relatively approximable over A. 
Moreover, in the situation of Theorems 2.1 and 2.2 the relative approximability over A is 
equivalent to weak relative approximability of ‘p over A. This is because the hypotheses 
of these theorems guarantee that every map f : A -+ Y has a neighborhood extension 
f’ : N + Y. In particular, the assumption of Theorem 2.1 that Y is locally n-connected 
combined with the result of [17] or [25] provides such an extension. In Theorem 2.2 a 
closed subpolyhedron A is a neighborhood retract of X and such an extension exists for 
trivial reasons. 
Theorem 2.2 also implies the following easy corollary. 
Corollary 2.4. Let cp : X --Q Y be as in Theorem 2.2. If A is an arbitrary closed subset 
of X, then cp is weakly relatively approximable over A. 
Proof. For any neighborhood U of Gr(cp), there is a neighborhood 1, of Gr(cp) satisfying 
the assertion of Theorem 2.2. Suppose that f : A + Y is a V-approximation of ‘p admit- 
ting an extension f’ : N + Y onto a neighborhood N of A in X. Using the continuity 
of f’ we may assume, without loss of generality, that f’ is a V-approximation of ‘p, too. 
5 Recall that a simplicial complex K is locaiiy finite-dimensional if, for each vertex o E K, sup{dim r 1 v E 
o-xK}<m. 
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There is a closed subpolyhedron Q in X such that A c Q c N. This completes the 
proof if we invoke Theorem 2.2. 0 
Actually our Theorems 2.1 and 2.2 lie between Theorem 1.4 and the following theorem 
which can be deduced from results of Torunczyk [29]. Namely, a variant of Proposition 
6.3 of [29] yields the following result which forms a version of Theorem 2.2 with a 
weaker conclusion but under more general assumptions. 
Theorem 2.5. Let p: X --o Y be a UV”-valued map from an ANR X to a metric 
space Y. If A is a closed subset of X and N is a neighborhood of A, then for every 
neighborhood 154 of Gr(y) and any selection f : N + Y of p, 6 there is a U-approxima- 
tion F:X-+Yofcpsuch F(A=flA. 
Setting A = N = 8 in Theorem 2.5 we obtain the following approximation result: 
Corollary 2.6. A UVw-valued map cp : X 4 Y from an ANR X to a metric space Y is 
approximable. 
In order to formulate a next result concerning relative approximabihty we shall need 
the following definition: 
Definition 2.7. Let % be an open cover of a space X and let A c X be closed. We say 
that the space X (respectively the pair (X, A)) is properly a-dominated by a space Z 
(respectiveZy by a pair (Z, c)) if there are a map p : X 4 Z (respectively p: (X, A) --) 
(Z, C)), a proper map T : Z --+ X (respectively T : (2, C) + (X, A)) and a homotopy 
h : X x [0, I] + X (respectively h : (X, A) x [0, l] + (X, A)) such that ho = 1 X, 
hi = T 0~ and {h({z} x 10, l])}ZE~ refines the cover 8. We say that X (respectively 
(X, A)) has PD-property if it is properly ‘U-dominated by a locally finite-dimensional 
polyhedron (respectively a locally finite-dimensional polyhedral pair) for every open 
cover 2I of X. 
In the early 1980s Ancel [2] and Torunczyk independently asked which ANRs have 
PD-property? For instance, the standard construction of dominating polyhedra of ANRs 
yields that every separable or locally compact ANR, being strongly paracompact, is 
properly (U-dominated by a locally finite, hence locally finite-dimensional polyhedron for 
any open cover !J. The question whether every ANR satisfies this property remains open. 
It turns out that for spaces having PD-property, the following fact concerning relative 
approximability over (A, B) holds true. 
Theorem 2.8. Let a space X have PD-property and let ‘p : X x Y be lJV”-valued map 
into a space Y. Then, for every neighborhood U of Gr(cp) and every open cover !2l of 
X, there is a neighborhood V of Gr(y) such that if A, B are closed subsets of X and 
6 I.e.. f(x) E C+O(CI:) for all z E N 
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st(A,%) c B, f:B + Y is a V-approximation of cp, then there exists a U-approxima- 
tion F : X + Y of ‘p with FIA = f IA. In particulal; ‘p is relatively approximable over 
(A, B) where A c X is closed and B is a closed neighborhood of A. 
The next result is a direct generalization of Theorem 1.5 
Theorem 2.9. Let (X, A) be an ANR-pair having PD-property. Ifp : X --o Y is a UV”- 
valued map to a space Y, then it is relatively approximable over A. 
Now let us turn to Question 1.10. We easily get the following corollaries: 
Corollary 2.10. Let cp: X 4 Y be a UT-valued map behveen spaces, 0 < n 6 w. If 
X, Y are metrizable spaces, n < 00 and Y is locally n-connected (respectively X is a 
locally jinite-dimensional polyhedron with the Whitehead topology, n = w and Y is an 
arbitrary space), then for any neighborhood U of Gr(cp), there is a neighborhood V of 
Gr(cp) with the following property: if A is a closed subset of X such that dim(X \ A) < n 
(respectively A is a closed subpolyhedron of X), f, g : X + Y are V approximations of 
‘p, h : A x [0, l] + Y is a homotopy joining f IA to glA and hi is a V-approximation of 
cp for alE t E [0, I], then there is a homotopy H : X x [0, l] ---f Y joining f to g such that 
HIA x [O, l] = h and Ht is a U-approximation of cp. 
Proof. Let X’ = X x [0, 11, 7r : X’ + X be the projection and let cp’ = cp o 7r : X’ 4 Y. 
It is clear that ‘p’ is a UP-valued map and X’ is a locally finite-dimensional polyhedron 
whenever X is. Take a neighborhood l4 of Gr(cp) in X x Y. Then U’ := ((2, t, y) E 
X’xYj(s,y)EU}’ is a neighborhood of Gr(cp’) in X’ x Y. 
Theorem 2.1 (respectively 2.2) provides a neighborhood V’ of Gr(cp’) in X’ x Y such 
that if A’ is a closed subset of X’, dim(X’ \ A’) < n + 1 (respectively A’ is a closed 
subpolyhedron of X’) and h’ : A’ -+ Y is a V’-approximation of (p’, then there is a 
U-approximation H : X’ -+ Y of ‘p’ such that HIA’ = h’. 
Since m is proper, Lemma 1.1 l(ii) provides a neighborhood V of Gr(cp) such that 
{(Cc, t, y) E x’ x Y I (z, y) E V} c v’. 
Now let A c X be closed and such that dim(X \ A) < n (respectively let A be 
a closed subpolyhedron of X). If we set A’ = X x (0, I} U A x [0, 11, then clearly 
X’ \ A’ c (X \ A) x [0, l] and thus, dim(X’ \ A’) < n + 1 (respectively A’ is a closed 
polyhedron of X’). Take f, g : X -+ Y and h : A x [0, l] -+ Y as in the formulation of 
the corollary. If we define h’ : A’ -+ Y by h’(z, t) = h(z, t) for 17: E A, t E [0, l] and 
h’(.,O) = f, h’(., 1) = g, then h’ is a V’-approximation of cp’ and hence, it admits an 
extension H: X’ + Y being a U’-approximation of cp’. It is easy to see that H is the 
required homotopy. c3 
Evidently if we set above A = 8, then we obtain the results concerning homotopy 
approximability of cp. 
In a similar way one gets the following corollary. 
W Kryszewski / Topology and its Applications 83 (1998) I-21 9 
Corollary 2.11. Let a space X have property PD and let cp :X 4 Y be a UVw-valued 
map into a space Y. For any neighborhood U of Gr(cp) and every open cover !2l of X, 
there is a neighborhood V of Gr(cp) with the following property. I” A, B are closed sub- 
sets of X, st(A!U) c B, f,g: X + Y are V-approximations of cp, h : B x [0, l] ---f Y is 
a homotopy joining f (B to g1 B and ht is a V-approximation of ‘p for each t E [O! 11, then 
there is a homotopy H : X x [0, l] + Y joining f tog such that HlAx [0, l] = hlAx [0, I] 
and Ht is a U-approximation of cp for all t E [0, I]. In particulal; cp is homotopy 
approximable. 
Proof. First one proves easily that X’ := X x [0, l] has also PD-property. 
Let ZA be a neighborhood of Gr(cp) and B be an open cover of X. As in the proof of 
Corollary 2.10, we define the neighborhood 24’ of the graph of the map ‘p’ : X’ x Y. We 
also have to produce an appropriate cover of X’. Namely let 
8’ := {V x J 1 A E 53, J E 3) 
where 3 := {[0,1/3), (l/4,3/4), (2/3,1]}. Th eorem 2.8 may now be stated in terms of 
cp’, X’, U’ and ‘u’ and a neighborhood V’ of Gr(cp’) with the necessary properties is 
obtained. We define a neighborhood V of Gr(v) as before in the proof of Corollary 2.10. 
Let A, B be closed in X and st(A, 2l) c B. If we define A’ as in the proof of Corollary 
2.10 and put B’ := X x ([0, l/3] U [2/3, 11) U B x [0, 11, then st(A’,%‘) c B’. 
Now take f, g : X + Y and h : B x [0, l] as in the formulation of the corollary. In 
order to define a map h’ : B’ -+ Y whose extension H onto X’ will become the required 
homotopy consider a map h” :X x (0, 1) U B x [0, l] 4 Y given by 
1 
f(x) if z E X, t = 0, 
h”(z,t) = g(x) ifzEX, t= 1, 
h(z, t) if x E B, t E [0, 11. 
Urysohn’s lemma provides a map X : X + [O,l]suchthatX]ArOandX](X\intB) E 1. 
For (z; t) E X’, set 
~(5, t) = (z, min{max{ (1 + 2X(z)) t - X(x), O}: l}) 
Then r(B’) c X x (0.1) U B x [O,l], rlA’ = 1 ~1 and rr o r = 7r. Finally we define 
h’ : B’ + Y by h’ := h”o(rlB’). It follows easily that h’(., 0) = f and h’(., 1) = g on X 
and h’lA x [0, l] = hlA x [0, 11. It remains to show that Gr(h’) c V’. For any (x, t) E B’, 
h’(x. t) = f(x) or h’(z, t) = g(x) or h’(x, t) = h(z, s) where (z, s) = T(X, t). Thus, h’ 
is indeed a V’-approximation of cp’. 
By Theorem 2.8, h’ has an extension H onto X’ providing the required homotopy 
joining f to g. 
The last assertion follows if we set A = B = 0 and ‘u = {X}. 0 
The same type of a corollary may be derived from Theorem 2.9. We leave the precise 
formulation to the reader. 
Unfortunately the problem of homotopy approximability of cp : X 4 Y in case X is 
an ANR and Y a metric space remains open. 
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3. Proofs 
In order to prove Theorems 2.1 and 2.2 we shall need some auxiliary notions and 
lemmas. 
Definition 3.1. Let cp :X --o Y be a set-valued map of spaces and let 0 < n < w. By 
an n-nest for cp we mean a sequence { (Ui, &)}+a such that: 
(a) ZAi > .!&+r , i > 0, are (open) neighborhoods of Gr(cp) in X x Y; 
(b) !2ti, i 3 0, are open covers of X; 
(c) for each i 3 1 and each U E U,, there is a member Uv E Bi-1 such that: 
0 st(U,!2&) c Up (i.e., !& is a star refinement of !2t_1); 
l for any 0 < k < min{i - l,?~},~ any singular k-sphere in ZAi(st(U, ai)) is 
null-homotopic in Ui-1 (UJ’). 
Lemma 3.2. If 0 < n < w, p : X 4 Y is a UP-valued map between spaces and U is 
a neighborhood of Gr(cp), then there exists an n-nest { (Ui, Qi)}igo of cp such that 
vu E !2lo Yx E u UO(U) c U(z). (2) 
Proof. Since Gr(cp o 1~ o lx) = Gr(cp) and Gr(cp) c U, in virtue of Lemma l.ll(ii), 
there are neighborhoods 240 of Gr(cp) and M of Ax = Gr( lx) in X x X such that 
UO o M o M-’ c U. Let !&I := {M(z) 1 5 E X}. Then !2& is an open cover of X and 
if x E M(z’) for some 2’ E X, then IC’ E M-‘(z). Hence 
Uo(M(z’)) c UO o M o M-‘(X) c U(z). 
Now let i 3 1 and suppose that a neighborhood Ui_1 of Gr(cp) and an open cover 
Qi-1 of X have been constructed. Let ~7: E X. Choose U, E ‘&_I such that z E U,. 
Then cp(z) C Ui_l(U,). Since q(z) -+ Y has UP-property, there is a neighborhood 
N, of cp(z) in Y such that N, C Ui-1 (Uz) and, for 0 < k < min{i - 1, n}, every 
singular k-sphere in N, is null-homotopic in Ui-1 (Uz). Lemma 1.1 l(i) provides an open 
cover {Ll}zE~ of X and a neighborhood Ui of Gr(cp) such that Ui c l/ii-1 and, for 
each 5 E X, L, c U, and Ui( L,) c N,. Let Qi be a star-refinement of {L,}. Then 
(Ui, Ui) satisfies Definition 3.1(c). 0 
Definition 3.3. Let K be a simplicial complex. By a Level function for K we mean a 
function X : K + N := { 1,2,3, . . .} with the following properties: 
(a) If c 4 K, then dima < A(a). 
(b) If 0,~ + K, o c 7 and o # 7, then X(r) < A(a). 
Lemma 3.4. Every locally finite-dimensional simplicial complex admits a level function 
X such that if K is jinite-dimensional, then A(o) < 2 dim K + 1 for any o 4 K. 
7 I.e., if n = w, for 0 < k < i - 1. 
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Proof. Define X: K --) N as follows. If w E K is a vertex, then 
X(V) := 2max{dima 1 v E D -x K} + 1. 
If a simplex 0 -i K is not a vertex, then X(a) := min{x(v) / v E o} - dimo. 
Let(T-:K.IfvE(T,thenX(v)32dim~+l.HenceX(a)32dima+l-dima> 
dim cr. This establishes condition (a). To establish condition (b), suppose that D C T -: K, 
o # T. Since min{x(v) 1 ‘u E o} 3 min{x(v) 1 u E T} and dimu < dimr, we see that 
x(a) > X(7). 
Finally, if dim K < 03, then clearly x(a) < 2 dim K + 1 for each D + K. 13 
The following lemma formalizes the principle of inductive extension of approximations 
over skeleta of increasing dimension. 
Lemma 3.5. Suppose that cp :X --o Y is a UP-valued map between paracompact 
spaces, 0 < n < w, and let {(Ui, !2li)}+0 b e an n-nest for cp. Suppose that K is a 
locally finite-dimensional complex such that dim K < n + 1 if n < co, and X : K --) N 
is a level function for K. Suppose that, for each o 4 K, an element U, E ‘UX(~J has 
been selected so that if u c r + K, then U, fl U, # 0. If L is a subcomplex of K and 
f : IL1 + Y is a map such that f( loI) c .?4 x(~)-I (Ur) for each o 4 L, then f extends 
to a map F: IKI 4 Y such that F(IoI) c ZAx~,)-l(U,$‘) for each o < K. 
Proof. We define 9 inductively on skeleta of K of increasing dimension. 
Let Ic 3 0 and assume that F has been defined on the (Ic - 1 )-dimensional skeleton 
Kc”-‘) of K. * Let (T be a Ic-simplex of K. Thus F is already defined on ao. If a 4 L, 
set Fllcrl = fliol. N ow assume that c 74 L. If k = 0, i.e., 0 = {v}, ~1 E K, then choose 
F(v) E Z4A(o)_1 (U$‘). Now suppose that Ic 3 1. Then 30 = lrol U (~11 U.. . U IQ-~/ where 
dimTj =Ic-1 forj=O,l,... , k. Hence UT3 n U, # 0 for all 0 < j 6 k. For such j, 
we have UT3 c Ux E %~(TI~_l and !2l~(~~)-r refines 21x(,) because X(T~) - 1 > x(a). 
Therefore UzO Uq c st (U, , !2l ~(~1). By inductive hypothesis, F(IT~I) c Ux(,)-,(U~) 
for all 0 < j < k. Thus F(&r) c .C/~cC~(st(U$‘,!JIUx(,,)). Since 
dim0 6 min{X(o) - l:n}, 
we gather that FI ao : acr + Z4q,)(st(U,,UA(0))) admits an extension onto (~7 with 
values in u~(~)_r (U$). This shows that F may be extended onto the k-skeleton of 
K. q 
Now we are in a position to present: 
Proof of Theorem 2.2. Assume that K is a locally finite-dimensional simplicial complex 
such that I KI = X and let U be a neighborhood of Gr(cp). 
‘Understanding that Kc-‘1 = 0. 
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Lemma 3.2 provides an w-nest { (Ui, !&)}Qo for cp such that, for each z E U E !21e, 
tic(U) c U(x). Let X be the level function for K given in Lemma 3.4. For each k 2 1, 
set 
C,, := u { Ig) ( 0 < K, x(a) 2 k}. 
Then X = Ct > 6’2 > C’s > . . are closed subsets of X. 
Claim 1. n,“=, c,+ = 8 and hence UEt (X \ Ck) = X. 
Proof. To see it, let 0 + K and set m = max{A(v) 1 u E a}. It suffices to show that 
I&-an+1 = 0. Suppose to the contrary that there is r 5 K such that X(r) 3 m+ 1 and 
InI n ITI # 0. I-I ence CJ and r have a common vertex U. But then m 2 X(v) > X(T) > 
m + 1, a contradiction. 0 
For each k 3 1, let ‘13k := {U \ Cr, I U E %zk} and B := Up=“=, !%%k. Clearly 93 is an 
open cover of X. Let K’ be a subdivision of K refining 93. For each D + K’, let of 
denote the unique simplex of K such that (0) c (o+). 
Claim 2. There is a level function p: K’ --f N such that ~(0) < 2X(0+) for each 
rs + K’. 
Proof. Define p : K’ -+ N by the formula: 
~(a) := X(g+) + dima+ - dima 
for any (T + K’. 
Condition (a) of Definition 3.3 is evident since ~(a) 3 A(a+) > dim g+ > dima for 
any 0 + K’. To establish condition (b), suppose that different simplices cr C T- in K’ 
are given. Then g+ c T+. Hence 
X(cr+) + dimn+ = min{A(v) 1 u E a+} 
3 min{X(v) I ‘u E T+} = X(7+) + dimr+. 
Since dima < dimr, we get that ~(a) > p(r). 
Finally, ~(a) < X(0+) + dima+ < 2X(0+). •I 
Claim 3. For every D + K’, there is a member U, E QIu,(,) such that 101 c U,. 
Proof. Indeed, let cr + K’. Since K’ refines %, there is k > 1 and U E (ZL2k such that 
10) C u\ck+l. H ence /o+[ @ Ck and, therefore, X(cr+) < k. So, by Claim 2, p(c) < 2k. 
Thus 2&k refines %,(,I. Consequently, there is U,, E UP(,) such that Io.( c U c U,. 0 
Claim 3 implies, in particular, that if (T c T < K’, then U, n UT # 0. We need this in 
order to apply Lemma 3.5. 
Now set 
v := 6 .?& n ((X \ Ck) x Y). 
k=l 
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Then V is a neighborhood of Gr(cp). 
Let L be a subcomplex of K, L’ be a subcomplex of K’ such that IL’1 = IL1 and 
let f : IL\ + Y be a l/-approximation of p. We are to construct a U-approximation 
F: X + Y of y such that F(ILI = f. 
Let 0 i L’. In order to use Lemma 3.5, we have to check that f(lcrl) c U,(,)-~ (Uz) 
where U$ corresponds to U, as in Definition 3.1. Since 101 c IG+ I c Cx(,+) c CI, for 
1 6 Ic 6 X(cr+), we get that 101 n (X \ Ck) = 0 and Gr(fllal) n ((X \ Ck) x Y) = 0 
for 1 < k: 5 X((r+). But Gr(f) c V, so 
Gr(fllal) c fi u2kn((X\Ck)xY). 
k=X(c+)+l 
Since ~(a) < 2X(af), then Z&k c &,(o+) c Up(,) for all Ic > X(a+). Hence 
Gr(fllgl) c UP(,). Consequently, by Claim 3, f(lgI) c U,(g)(ua) c .?&(,)-t(Q). 
Lemma 3.5 provides an extension F: IK’l = X + Y such that F( loI) c zA,(,)_I (U$) 
for each 0 + K’. For such (T, Uz is contained in an element UG of ‘210. Therefore 
FM) c uov;*) f or each 0 4 K’. Now if 2 E 1~1 c Ui for some c 4 K’, then 
F(z) E &(Uz) c U(z) and this means that Gr(F) c U. The proof is completed. 0 
The proof of Theorem 2.1 relies on the theorem of Kuratowski [2.5] and its extension 
due to Eilenberg-Wilder [ 171. The following lemma formulates this result along with 
some aspects of its proof as given by Hu [21, pp. 51-55, 150-1551 or by Borsuk [14, 
pp. 80-831. 
Lemma 3.6. Let A be a closed subset of a metric space X such that dim(X\A) < n+ 1, 
0 < n < DC). For every open cover 23 of X \A, there is an (n+ 1)-dimensional simplicial 
complex K and a map @ : X \ A + /K I with the following properties: 
(a) {p-‘(jai) / CJ < K} refines 2; 
(b) for every vertex ‘u E K, BP1 (u) # 0; 
(c) if Y is a locally n-connected metric space and f : A + Y is a map, then there is 
a subcomplex L of K and a map y : IL 1 + Y such that: 
l A c int (A U p-‘(ILI)); 
l if a E A and H is a neighborhood off(u) in Y, then there is a neighborhood 
V of a, in X such that ifa 4 L and ~-‘(loi) c V, then r(lol) c H. 
Only property (b) requires a comment, e.g., in [ 141, one chooses a so-called canonical 
locally finite open cover .R’ of X \ A refining % and defines /? to be the canonical map 
from X \ A to the nerve of R’. To arrive at condition (b), one may “reduce” R’ by 
means of transfinite induction to a locally finite open cover .R of X \ A with the property 
that no member of R is covered by other elements of _R. Thus if K is the nerve of .R 
and a “new” /3 : X \ A 4 I K I is also the canonical map, then it has property (b) stated 
above. 
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Observe that condition (b) implies that p-‘( 101) # 0 for any (T + K. Moreover, 
condition (c) implies that the transformation f+ : A U /3-l (1 LI) + Y defined by 
f(x) . f+cx) = {,yo/l(x) ;:: E&L,), 
is continuous. 
Proof of Theorem 2.1. Let U be a neighborhood of Gr(cp). Lemma 3.2 provides an 7~- 
nest {(Ui, B~)}QJ for ‘p such that, for each 5 E U E !24c, Z&(U) c U(z). Let V = Z&+3, 
take a closed subset A of X such that dim(X \ A) < n + 1 and suppose f : A + Y 
is a V-approximation of cp. Let % be a canonical covering (see [14, p. 691) of X \ A 
inscribed into %zn+s. The important here is that 93 has the following property: 
(*) for any a E A and every neighborhood V of a in X, there is a neighborhood W 
of a such that st(W, 93) c V. 
In virtue of Lemma 3.6, there are an (n-t 1)-dimensional complex K, a map /3 : X\A + 
lK[ satisfying conditions (a) and (b) from Lemma 3.6, a subcomplex L of K and a map 
y : 1 LI + Y such that condition (c) from Lemma 3.6 holds. 
Let a E A and choose 17, E %zn+3 such that a E U,. Since H, := V(Ua) is a 
neighborhood of f(a) in Y, Lemma 3.6 provides a neighborhood V, of a in X such that 
V, c U, n (A Up-'(ILI)) and if 0 + L, p-‘(lol) C V,, then #) C H, = V(Ua). 
Finally, by (*), choose a neighborhood W, of a in X such that W, U st(W,, 93) c V,. 
Let W = UaEA Wa; then W is a neighborhood of A and W C A U ,F'( IL/). Let 
LW := {o + L 1 3~ + L such that 0 c T and ,E’(IrI) f? W # 0). We easily see that 
LW is a subcomplex of L and W c AU/i--'(ILwl). 
Suppose that cr 3 Lw. There are a simplex r 4 L and u(g) E A such that CT c T and 
P-l (14) n W,(,) # 0. Since P-l (14) is contained in an element of %, then 
P-’ (Id) c P-’ (Id) c 4Wa(o), %I c T/,(c). 
Hence 
P-l (Id) c ux,o) and r(H) c WJa(c)). (4) 
In view of Lemma 3.4, there is a level function X for K such that X < 2 dim K + 1 = 
2n + 3. Now we shall show how to select, for each 0 < K, an element U, E ‘Ux(C) so 
that the hypotheses of Lemma 3.5 are satisfied. 
Let 0 + Lw. Since UacC, E Q&+3 and Uzn+3 is inscribed to %A(,,), there is a member 
U, E (ux(,) such that UacD) c 17,. Then, by (4), ,&‘(IgI) c U, and 
Y( id) c v(ua) = u2n+3@,~) c h(n) cur) c h(o)-1 (u:). 
If c + K but cr # Lw, then ,P’(igl) is contained in an element of 93 and 23 refines 
2l~(~). Hence there is U, E Ux(,,) such that /I-’ (1~1) c U,. 
It is clear that if 0 c T- + K, then U,, fl U, # 8 for 
0 # P-%4) c P-‘(H) n P-WI) c u, n UT. 
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It follows from Lemma 3.5 that yl\Lwl : 1~5~1 --t Y extends to a map S: ]KI --f Y 
such that S(lcrl) c IA x~,,_,(U,“) for each 0 4 K. Therefore So flIp-‘(IL~l) = y o 
LAP-’ (IW). 
Let us define F: X -+ Y by FIA := f and FI(X \ A) := 6 o ,0. To see that F is 
continuous recall a continuous map f+ : A U ,d-’ (ILl) ---f Y given by formula (3) and 
observe that FIA u /F*(ILwl) = f+lA U ,F’(ILwI). 
Clearly Gr(FIA) = Gr(f) c V = U zn+3 c 240 c ZA. Let 2 E X \ A. Then, for some 
(T 4 K, /3(Z) E lgl. s o I% E @-‘(Ial) c U, c U$’ E !24~(~)_~ and 
F(z) = 6 0 D(x) E 6( loI) c k(n)--lOJ:). 
But since !2l~(,,j refines s, U,$ is contained in some member Vi of 2la. Thus z E UG 
and F(z) E &(U~). In view of (2) (see Lemma 3.2), it follows now that F(z) E U(z), 
i.e., Gr(FIX \ A) c U. Hence Gr(F) c 1A. 0 
To give the proof of Theorem 2.5 let us formulate a version of Proposition 6.3 of [29]. 
Proposition 3.7. Let f : X --) Y be a proper surjection of metric spaces and suppose that 
there is a closed set S C Y such that the inclusion f-‘(y) q X has UP’-property for 
any y E S and f-‘(y) is a singleton for y E Y \ S. Suppose M is an ANR, u : M + Y 
and 7 : M --f (0, co) are maps. If K is a closed subset of M, U is a neighborhood of K 
in M and v : U -+ X is a map such that f 0 PI = uIU, then there is a map g : M -+ X 
such that glK = v\K and d(f o g(z), TL(Z)) < q(z) for all IC E M. 
Proof. It is a modification of the proof of Proposition 6.3 from [29]. As there, Zf 
denotes the cylinder of f and let p : 2, + Y be the natural collapse map. Clearly there 
is a “natural” projection p’ : Zf \ S + X such that p’lX = lx and f op’ = plZf \ S. 
As in [29, Proposition 6.31, there is a map w : M + 2, such that wlK = vlK and 
p o w = U. In the present situation, 2, \ S is LC” relatively to 2, (see [29, p. 1011 or 
[ 171) at each point of S for all 0 < n < 00. Hence S is locally homotopically negligible 
in 2 in virtue of [29, Theorem 2.81. Therefore, there is an “q-short” homotopy joining 
w to a map w’ : M -+ 2, \ S such that w’l K = VI K. Now, to complete the proof, define 
g : M -+ X putting g = p’ o w’. c? 
Proof of Theorem 2.5. Let N be a neighborhood of A, U be a neighborhood of Gr(cp) 
and assume that f : N + Y is a selection of cp. Let 9 be the upper semicontinuous 
decomposition of X x Y whose elements are single points ((2, y)}, y # cp(~) and sets 
of the form {z} x cp(~) for IC E X and let q : X x Y -+ X x Y/g denote the quotient 
map. Observe that 2 := X x Y/D is a metrizable space. Set S = q(Gr(cp)). Then q-‘(z) 
is a singleton for z E 2 \ S and q-’ ( ) z it X x Y has UVW-property for z E S. Consider 
maps u : X + 2, ‘u : N 4 X x Y given by U(Z) = q({x} x p(z)) and U(X) = (z, f(x)) 
for z E X. Then q o v = ulN. Finally let E : X --f (0, oc) be a map corresponding to U 
as in Proposition 1.2(i). 
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Let 7r : X x Y + Y denote the projection. Using methods similar to those presented 
in the proof of Proposition 1.2(i) and since the map 7r o q-’ : 2 -Z Y is upper semicon- 
tinuous, one constructs a continuous function 77 : X + (0, co) such that 
= O 4-l (+4-4 rl6-4)) c B(r O 4-l O qqa?(4)), 44) 
=B(cp(B(s,&(Z))),E(Z)). (5) 
Proposition 3.1 provides a map w : X ---f X x Y such that wlA = vlA and d(q o 
w(z),u(z)) < ~(2) for each 2 E X. We define F :X + Y putting F = r o w. Hence 
F/A = f. Moreover, for each 2 E X, F(z) E n o q-‘(B(u(z), q(z))). In view of (5), 
F is an E-approximation of cp. q 
Proof of Theorem 2.8. The last statement follows from the first one since for any closed 
neighborhood B of A, there is an open cover rU of X such that st(A,8) c int B. 
Take a neighborhood U of Gr(cp) and an open cover ‘u of X. Since cp = cp o lx, then 
Lemma 1.1 l(ii) provides neighborhoods W of Gr(cp) (in X x Y) and N of the diagonal 
A, such that 
WoNcUM. (6) 
Similarly, there is a neighborhood M of Ax such that M o M-l c N. Let 23 be a 
star refinement of !2l which also refines the cover {M(z)}~~x. If V E 93 and 2 E V, 
then 
v c N(z). (7) 
Indeed, if 2 E V c M(d) for some 5’ E X, then V c M o M-‘(z) c N(z). 
By our assumption, there are a locally finite-dimensional polyhedron P, a map p : X -+ 
P, a proper map r : P --+ X and a homotopy h :X x [0, l] + X such that {h({z} x 
LO, 1I)bczx refines % and ho = lx, hl = T op. By (7), for each z E X, 
S,~OP(Z) E h(@} x [O, 11) c N(z). (8) 
Clearly cp o T is a UV”-valued map. Moreover, 
Gr(cp o r) c U’ := ((2, y) E P x Y j (T(Z), y) E W}. 
It is easy to see that U’ is an open subset of P x Y. 
By Theorem 2.2, there is neighborhood V’ of Gr(cp o r) in P x Y such that, for 
any subpolyhedron Q of P and any I/‘-approximation f’ : Q -+ Y of cp o r, there is a 
U’-approximation F’ : P -+ Y of cp o r with F’IQ = f’. 
In view of Lemma 1.1 l(ii) and the properness of r, there is a neighborhood V of 
Gr(cp) (in X x Y) such that W’ := {(z, y) E P x Y 1 (T(Z), y) E V} c V’. Moreover, 
we may assume that V f W. 
We now take closed subsets A and B such that st(A, U) c B and let f : B + Y be a 
V-approximation of cp. Set C = cl st(A, 93) and D = cl st(C, 93). Since 
r o p(C) c h(C x [0, 11) c st(C, 93), 
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we have that clp(C) C r -l(D). Since st(A,U) c B and % star refines !J, then 
st(D!%) c B and, thus, D c int B. Consequently, clp(C) C ~‘(int B). Hence there 
is a subpolyhedron Q of P such that p(C) c Q c r-‘(B). Since r(Q) C B, then 
f o (rj&) : Q 4 Y is defined and Gr(f o (rI&)) c W' C Ij', i.e., f o (rl&) is a 
V-approximation of p o r. Therefore it admits an extension F’ : P + Y being a 1A’- 
approximation of up 0 T. 
Obviously A c int C. There is an Urysohn’s map X: X + [0, l] such that XIA E 0 
and Xi (X \ int C) E 1. Consider a map F : X + Y given by 
f(h(z, X(z)) 
F(z) = F’@(s)) i 
if 5 E c’, 
if :x’ E X \ int C. 
The map F is well-defined because, for z E C, h({z} x [0, l]) c st(C, 13) c B (f is 
defined on B). F is continuous since if 5 E C \ int C, then X(z) = 1 and p(z) E p(C) c 
Q; hence 
f(+&))) = f(&, 1)) = forop = F+(z)). 
Moreover, FIA = flA. 
If :c E C, then by (8). (a, h(z, X(z))) E N and (h(z, X(z)), f(h(z, X(z)))) E V since 
Gr(f) c V. Hence 
(z F(z)) = (q f(h(z. X(z)))) t V o N c W o N c U. 
For .I: E X \ int C, (p(z), F(z)) = (p(z), F’(p(z))) E IA’ hence (r op(z): F(z)) E W. 
By (8), (z. T o p(z)) E N so (x7 F(z)) E W o JV c U in view of (6). 0 
In order to prove Theorem 2.9 we shall need the following lemma (cf. [9, Lemma 
2.21). 
Lemma 3.8. Let (X, A) he an ANR-pair and ‘p : X 4 Y be a set-valued map. For 
any neighborhood U of Gr(cp), there is a neighborhood IA0 of Gr(cp) with the following 
property: every map g : M = X x (0) U A x [0, I] 4 Y such that (2, g(z, t)) E Uo for 
each (2: t) E M, admits an extension G : X x [0, l] + Y such that (2, G(z, t)) E U for 
all n: E X and t E [O! I]. 
Proof. Let U’ := {(x, t, y) E X x [0, l] x Y / (x; y) E U}; it is clear that U’ is an open 
neighborhood of Gr( cp’) inXx[O,1]xYwhere~‘=~o~and~:Xx[O,1]+X 
is the projection. By Lemma 1 .l l(ii), there are a neighborhood 246 of Gr(y’) and a 
neighborhood N of the diagonal in (X x [0, 11)’ such that UA o N c U’. 
Clearly n/l is a neighborhood retract of X x [O, 11; hence there is a neighborhood 
retraction ‘r : U + M. It is easy to show that there exists a neighborhood V of hf in 
X x [0, l] such that V c U and, for each (2, t) E V, T(Z, t) E N(z, t). 
Again by Lemma 1.11 (ii), and since r is proper, there is a neighborhood 240 of Gr( q) 
such that {(z,t, y) E X x [0, l] x y / (2,:~) E UO} c U,!,. Take g: M + Y such that 
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(Gg(x,t)) E .u a f or all (z, t) E M and define g’ = g o (rib’) : V + Y. It is obvious 
that, for all (2, t) E V, (x, t, g’(x, t)) E Ui o N c U’; hence 
(xc, 9’(5, r)) E u. (9) 
Take a neighborhood N of A in X such that N x [0, l] c V, an Urysohn’s function 
X:X + [0, I] such that XIA - 1, XIX \ N = 0 and define G: X x [0, l] + Y 
putting G(z, t) = g’(z, X(z)t). By (9), (5, G(x, t)) E U for all (z, t) E X x [0, l] and 
G]M=g. 0 
Proof of Theorem 2.9. Take a neighborhood U of Gr(cp). Lemma 3.8 provides a neigh- 
borhood Ua of Gr(ip) according to X, A, cp and 24. 
As in the proof of Theorem 2.8, there are neighborhoods W of Gr(cp) and N of Ax 
such that WON c L40. Moreover, let U be an open cover of X such that, for each U E ‘21 
and J: E U, U c N(z). 
Now let take a locally finite-dimensional pair (P, Q), a map p: (X, A) + (P, Q) and 
a proper map T: (P, Q) -+ (X, A) such that 1 x and r o p are joined by a homotopy 
h: (X, A) x [0, l] + (X, A) such that {11((z) x [0, l])}zE~ refines U. Hence, for each 
5 E X, t E [0, 11, h(x,t) E N(z). 
The map cp o r is a UV”-valued map and Gr(cp o r) lies in an open set 
u’ := {(z, y) E P x Y 1 (r(z), y) E w}. 
By Theorem 2.2, we get a neighborhood V’ of Gr(cp o r) such that any li’-approximation 
f’ : Q + Y of ‘p o r admits an extension F’ : P -+ Y being a IA’-approximation of cp o r. 
In view of the properness of T and Lemma 1.1 l(ii), there is a neighborhood V of 
Gr(cp) such that V c W and {(z, y) E P x Y I (T(Z), y) E V} C V’. 
Take an arbitrary V-approximation f : A + Y of ‘p and let f’ = f o T. Clearly f’ is 
a V’-approximation of cp o I-. Hence there is a U’-approximation F’ : P + Y of ‘p 0 r 
extending f’. Define g : M = X x (0) U A x [O: 1] + Y by 
g(x’ t, = 1 
F’(P(X)) ifsEX: t=O, 
f o h(x, 1 - t) if 2 E A, t E [0, I]. 
It is easy to see that g is well-defined and continuous. Moreover, for any (x, t) E M, 
(x,g(x,t)) E 240. Due to th e choice of UC, we gather, by Lemma 3.8, that there is an 
extension G :X x [0, l] + Y of g such that (2, G(z, t)) E U. 
Finally define F = G(-: 1). Then FIA = f and Gr(F) c U. 0 
4. Additional remarks 
Let us observe here that the approximability of a set-valued map is in a sense a 
sufficient condition for the map to have UV-values. Namely, one shows easily that if 
‘p : X ---o Y is a set-valued map of metric spaces with the following property: for every 
compact ANR T with dim T < n + 1, for every closed sub-ANR A of T, every map 
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j : T + X and every E > 0, there is S > 0 such than any S-approximation f : A + Y of 
cp o j extends to an &-approximation F : T + Y of p o j, then ‘3 is a UV”-valued map. 
Most of facts concerning approximability of set-valued maps extend to compositions. 
Here is a sample result. 
Proposition 4.1. Let cp: X - Y be an approximable set-valued map between spaces 
and let g : Y + Z. Then g o cp is also approximable. 
Proof. Let W be a neighborhood of Gr(g o ‘p) in X x Z and consider a map G : X x Y 4 
X x Z given by G(z, y) = (z,g(y)) for (z, y) E X x Y. Any point p E Gr(cp) has a 
neighborhood IAp in X x Y such that G(Z4,) c W. 
Let U = UpECrCvlUp. If f :X --j Y is a U-approximation of y, then g o f is a 
W-approximation of g 0 cp. 0 
Observe that even if ‘p is a lJV”-valued map, 0 < n < w, then go’p has, in general, no 
longer “regular”, i.e., satisfying any UV-properties, values. Such maps arise quite natu- 
rally in applications; for instance, the evaluation at a fixed time of the PoincarbAndronov 
operator of translation along trajectories of a differential equation with a continuous right- 
hand side is of that type (cf. [S]). 
At last, let us provide the following example showing that 
(i) the “locally n-connected” hypothesis cannot be deleted from Theorem 2.1, and 
(ii) the hypothesis “(X, A) is an ANR-pair properly dominated by a locally finite- 
dimensional polyhedral pair” cannot be deleted from Theorem 2.9. 
Let Z := (0) U {l/n 1 n = 1,2,. .} c R and let X := Z x [0, 11. Moreover, let 
Y = {(Xz, 1 - X) E I@ 1 2 E z, x E [O, l]} 
be the cone over Z with the vertex u = (0,l). We define a map cp: X 4 Y by 
{ 
(0) x [0, l] 
6?(z7t) = {(z:O)} 
if z = 0: t E [0, 11, 
if z # 0. t E [O. 11. 
Then y is a UV”-valued map. Finally let A := Z x (0, 1) U (0) x [0, 11; A is closed 
in X. 
We shall show that, for any neighborhood V of Gr(cp), there is a V-approximation 
f : A --) Y of cp admitting no extension onto any neighborhood of A. 
Indeed, let V be a neighborhood of Gr(cp). Since ((0) x [0, 11) x { (O,O)} c Gr(cp) c V, 
then there is an m 3 1 such that (J x [O,l]) x {(O:O)} c V where J := (0) x {l/n ( 
7~ 3 7n}. Set 
B := cl(A \ (J x {l})) = (Z x (0)) u ((Z \ J) x (1)) u ((0) x [O. 11) 
and define f : A 4 Y by 
f(z’ t, = { 
(z,O) if (z, t) E B, 
(0,O) if (z, t) E J x {I}. 
If (z, t) E B, then f(z, t) E p(z, t); if z E J, then ((2, l), f(z, 1)) = ((z, l), (0,O)) E li. 
Hence Gr(f) c V. 
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Assume that f extends to a map f’ : N + Y where N is a neighborhood of A in X. 
Then there must exist an m’ 3 m such that J’ x [0, l] c N where 
J’ = (0) U {l/n 1 72 3 m’}. 
For each n b m’, c, := f’l{ l/n} x [0, l] is a path in Y from ~~(0) = f( l/n, 0) to 
en(l) = f(l/n, 1). H ence, for each n 3 m’, there is a point t, E [0, l] such that c, (tn) is 
the vertex u of Y. The sequence (tn) converges (possibly after passing to a subsequence) 
to a point t E [0, 11. Then (l/n,&) + (0,t) E A, so f’(l/n, tn) + f(O,t). But this 
implies that f(0, t) = V. However, f(0, t) = (O,O), a contradiction. 
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